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Point-to-Point Communication

Data Transmission Problems

Software Company XYZ with main office in Sillicon Valley wants to exchange 
gigabytes of data daily with its branch office in Bangalore.

XYZ leases a guaranteed 10mbps link, and thinks that this way K gigabytes of data 
are transmitted in 

K ! 233

107

seconds using standard software, like ftp.

In reality, however, the transfer time is about 10 times slower. Productivity falls. 

Facit: XYZ may be a great software company, but it has poor  knowledge of 
networking!

What happened?
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Point-to-Point Communication

Data Transmission Problems

ftp, like many other applications, uses the ubiquitous transmission control protocol 
(TCP).

In essence, TCP needs acknowledgement of each packet to guarantee reliable 
delivery. A lot of time is spent on waiting for acknowledgements.

The actual throughput of TCP (in its steady state) is inversely proportional to the 
round-trip-time (RTT) between the sender and the receiver.

The RTT puts an upper bound on the transmission speed of TCP, no matter the size 
of the leased line is! The RTT between California and Cupertino dictates a 
transmission speed of about 1mbps, even if a lot more is available.

XYZ needs to find a different solution to increase productivity!
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Point-to-Multipoint Communication

Data Transmission Problems

Challenge: Cars see satellite at completely random times and experience massive 
amounts of loss. Moreover, no feedback exists between satellite and cars. 
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Point-to-Multipoint Communication

Data Transmission Problems

Trivial solution: send the original data several times in a carousel manner. 

Original file consists of k packets; cars tune in at random times, and each time 
they receive b packets.

Assume that a complete transmission takes one day, that every car tunes in 2 
times per day. How many rounds t of transmission are needed to ensure that 
99.99% of the cars have received all the packets? (Minimum is k/2b.)

Throw tk balls at random into k bins. For a given bin, what is the probability that 
it has received at least one ball?

k packets
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Point-to-Multipoint Communication

Data Transmission Problems

In every round, every bin receives a ball with probability 2b/k. (This is a 
good approximation when b is much smaller than k.)

Probability that it is empty after t rounds is 

Want this quantity to be less than 0.0001; so t is roughly 4.6k/2b. This means that 
every car has received 9.4 k packets (instead of only k) of which many are 
duplicate. Precious bandwidth has been wasted.

In reality (for a more realistic model) the value of t is larger. Moreover, what we 
want is a method that ensures that each car can recover the original data after 
receiving roughly only k packets.
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Point-to-Multipoint Communication

Data Transmission Problems

Software update for many clients:

Want download time for each client to be proportional to the difference 
between their versions and the newest version and that master is capable 
of supporting an potentially unlimited number of clients.

We are not aware of good standard solutions to this problem.
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Point-to-Multipoint Communication

Data Transmission Problems

Rise of 3G wireless will lead to multicast/broadcast services for 
multimedia content.

Conventional methods like TCP will lead to massive overheads in 
bandwidth consumption.

The user-datagram-protocol (UDP) leads to unreliable delivery and is 
unusable (so customers will not pay for the services).

So does multicast.

Problem must be solved, however, to ensure economical viability of a 
variety of 3G services.
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Multipoint-to-Point Communication

Data Transmission Problems

A big software company wants to diversify its retail sites, both for 
reliable disaster recovery, and for faster service. 

Clients should be able to connect to multiple sites  and receive the same 
data from all sites at once.

The amount of data each client receives should be essentially equal to the 
size of the requested file.

Duplicate copies of the same portion of the file should thus be avoided. 

How can this be done with minimial, or better, no central management?
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Multipoint-to-Point Communication

Data Transmission Problems

Content

Server 1 Server 1I Server 1II
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Multipoint-to-Point Communication

Data Transmission Problems

Downloading popular files in a P2P network:

Want to be able to connect to multiple users, and download the file at 
once from all of them.

Download should have minimal (or almost no) management overhead.

It should be robust to users transiently joining and leaving the P2P 
network. 

Many current systems do this by segmenting the file and requesting each 
segment from a different user, possibly at entirely different rates.

Tradeoff: need small segments so to be able to download from many 
users at once. On the other hand, need large segments to avoid 
negotiation and management overhead.
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Multipoint-to-Multipoint Communication

Data Transmission Problems

Path diversity:

Want to send data to multiple sites over unreliable links.

Examples: 

Download of data in rural areas, through satellite, wireless, and fixed 
line, all at once.

Download of information in battle field, where each individual line can 
be intentionally jammed.

Clients should be able to recover the file as soon as they have received an 
amount of data that is essentially the same as the file.

We do not know of any conventional method that can solve this problem 
efficiently.
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Multipoint-to-Multipoint Communication

Data Transmission Problems
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Multipoint-to-Multipoint Communication

Data Transmission Problems

Sender 1 Sender 2 Sender 3

Rec 1 Rec2 Rec 3

P2P, again:
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The Fountain Code Paradigm

How can we solve all these seemingly different problems at once?

Fountain codes provide a framework for such a solution.

Given a piece of data, consisting of k symbols (which can be packets or 
bits), a fountain code produces a potentially limitless stream of output 
symbols with the following properties:

1. Each output symbol is generated randomly (according to some 
distribution) and independently of every other symbol.

2. It is possible to recover the original k symbols from any set of m 
received symbols, with high probability, for some m (which is at least 
k). High probability means a probability of at least 

The quantity m/k-1 is called the overhead of the fountain code.

Data Transmission Problems

1 !

1

kc
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Why the Name  Fountain Code?

Think of the symbols as drops of water.

Fill a digital bucket with these drops.

As soon as you have enough drops, the bucket is full, and you can 
drink your water.

It does not matter which particular drops fill your bucket; only the total 
amount matters.

The encoding mechanism is thus like a fountain producing symbols.

Let us now go back and see how fountain codes can solve all the data 
transmission problems we mentioned.

Data Transmission Problems
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Point-to-Point Communication

Data Transmission Problems

The TCP problem of the software company XYZ:

Use a fountain code to produce output packets, and send the packets via UDP rather 
than TCP.

This way an arbitrary portion of the 10mbps can be filled (provided the encoding 
process is fast enough).

XYZ can increase productivity again!

The method is adopted by several Hollywood infrastructure companies specialized in 
delivery of “Digital Dailies.” In fact, this method was used to keep the production of 
several blockbuster movies such as “The Last Samurai” and “Lord of the Rings: The 
Return of the King” on schedule.
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Receivers adjust to their individual loss rates

Data Transmission Problems

Point-to-Multipoint Communication
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Using the carousel method, the bandwidth used was about 4.6 times larger 
than the optimal.

Using a fountain code, every car received a “fresh” set of 2b packets when 
it listens in.

If the fountain code is designed such that recovery of the original file is 
possible when essentially k packets are received, then after essentially k/2b 
rounds of transmission every car has enough data to recover the file.

The problem has thus been solved essentially optimally! This is even the 
case when the model of usage for cars is vastly different from the simple 
one described earlier.

In fact, two major US satellite radio companies have licensed this method 
to be able to deliver various types of information to cars via their satellite 
links. (Same is true for a major Japanese automobile company.)

Data Transmission Problems

Point-to-Multipoint Communication
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Point-to-Multipoint Communication

Data Transmission Problems

Software update for many clients:

Here a method called “multicast rsync” can be used in combination with “systematic 
fountain codes” to ensure that every client can recover the latest version of the software 
by receiving. (Ideas due to James Clarke, and Jack Wolf.) 

What is a systematic fountain code?
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Systematic Fountain Codes

Data Transmission Problems

In a systematic fountain code the original symbols are sent alongside the 
additional symbols. In addition to the two main properties of a fountain 
code, a systematic fountain code satisfies a “uniformity” property:

3. Any set of l original symbols and m-l additional symbols are sufficient 
to recover the original k symbols with high probability.

A systematic fountain code is designed in a different way than a normal 
fountain code (more later).

Note that many classes of codes with fast decoding algorithms (such as 
LDPC or IRA codes) do not satisfy property 3.
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Point-to-Multipoint Communication

Data Transmission Problems

Fountain codes with efficient encoding and decoding algorithms with 
small overhead can be used in an excellent manner to solve the data 
distribution problems in upcoming 3G applications, such as rich-media 
transport.

In fact, a version of fountain codes has been standardized in the 3GPP-
MBMS (multicast-broadcast multimedia services) standards body as the 
sole mandatory standard for data transport. 

This means that all future devices supporting these services have to have 
these codes embedded into them.

We will study these codes and their design later in these lectures.
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Multipoint-to-Point Communication

Data Transmission Problems

Content

Server 1 Server 1I Server 1II
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Data Transmission Problems

Multi-site download applications are a breeze with fountain codes:

Run a fountain encoder on each site. Since the symbols are produced 
randomly, symbols obtained from the different sites are indistinguishable, 
and can be considered as coming from only one site.

If a site breaks down or goes off-line for any reason, then this only leads 
to a slower download, as fewer output symbols are received.

No extra management is necessary to ensure that the client has un-
interrupted reception.

Multipoint-to-Point Communication
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Multipoint-to-Point Communication

Data Transmission Problems

Downloading popular files in a P2P network:

This is a special case of a multi-site download, and is solvable in much 
the same way.

Added benefit: clients in a P2P network can choose the rate at which they 
want to send the data to the receiver. 

The receiver’s experience is as if it is receiving from one site at an 
aggregate rate.

Clients can join or leave without any managment overhead.

Popular movies are particularly interesting, since there are potentially 
many clients owning a copy, and willing to share it, so the aggregate 
download speed is usually much larger than non-popular movies.
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Multipoint-to-Multipoint Communication

Data Transmission Problems
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Data Transmission Problems

This problem can also be solved in the same manner: 

The server starts a fountain and sends the output symbols across different 
paths.

The receiver only needs to collect enough symbols, no matter from which 
path.

If not all paths are down, the receiver will eventually receive the file.

If the overhead of the fountain code is very small, then the time the 
receiver needs to receive the file is essentially optimal, no matter how the 
loss characteristics of the links are!

Multipoint-to-Multipoint Communication
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Fountain codes are a class of codes designed for solving various data transmission 
problems, at the same time.

Fountain codes with fast encoding and decoding algorithms, and (arbitrarily) small 
overhead are particularly interesting for solving these problems.

Fountain codes were stipulated by Byers et al in 1998, and their applications 
discussed. A construction was, however, not given.

First construction of efficient Fountain codes was given by Luby (1998, published 
2002).

Now, let us start with some theory!

Summary, and some History

Data Transmission Problems
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(Binary) Fountain Codes

Fountain Codes

Fix distribution      on          ,  where k is the number of input symbols.(Fk
2)!D

A fountain code with parameters             is a vector in                  sampled from           (D, k)
!

(Fk
2)!

"N
D

N
.

Distribution     can be identified with a distribution      on D F
k
2 .D

For each output symbol sample independently from    and add symbols 
corresponding to the sampled output.

D

Operation:

Symbols are understood to be binary vectors, and additions are understood to be over F2.
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Fountain Codes
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Important Note

Each sent symbol must contain an indication of how it was generated, otherwise the 
information in the symbol is useless.

In practice, this can be done by indicating a seed for the random number generator 
used for the sampling process.

Another possibility is to use a clocking device and shared randomness between 
sender and receiver.

Fountain Codes
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Encoding Cost

The expected encoding cost of a fountain code with parameters             is the 
expectation of the weight function under     : 

This corresponds to the expected per-symbol cost of encoding using the trivial 
algorithm. Using standard Chernoff bounds it can be shown that the actual average 
cost is sharply concentrated around this value.

Fountain Codes

(D, k)
D

ED[wgt(x)]

The best one can hope for is that this cost is constant O(1).
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Decoding Cost

The expected decoding cost of a fountain code with parameters             using a 
decoding algorithm         is the expected number of arithmetic  operations (additions 
in         ) that the algorithm uses to decode the source symbols. 

The best one can hope for is that this cost is linear in k, i.e., O(k).

Fountain Codes

(D, k)
A

F2
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Goals

If decoding can be done from any set of                    output symbols, whp, then we 
call    the overhead of the decoder.

k(1 + !)
!

Universality: Want sequences of fountain codes for which the overhead is arbitrarily 
small.

Efficiency: Want sequences of fountain codes and corresponding decoding 
algorithms with constant encoding and linear decoding cost. 

Fountain Codes



Bangalore, December 2005

First Example: 
Random Fountain Codes

Encoding cost is k/2.

Fountain Codes

Assume that the distribution       is uniform.  D

Decoding: Collect output symbols, and put them into a matrix; solve system of 
linear equations.

Example: received symbols                              correspond to the linear forms

(X1, X2 + X3, X4 + X1, X4 + X3)

(Z1, Z2, Z3, Z4)

!

"

"

#

1 0 0 0

0 1 1 0

1 0 0 1

0 0 1 1

$

%

%

&

·

!

"

"

#

X1

X2

X3

X4

$

%

%

&

=

!

"

"

#

Z1

Z2

Z3

Z4

$

%

%
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First Example: 
Random Fountain Codes

Fountain Codes

What is the overhead? Suppose we collect m output symbols. Success probability 
is the probability that a random kxm binary matrix has rank k.

This probability is at least                   .

If m = k + clog(k), for some c, then algorithm succeeds with high probability.

Hence, overhead is log(k)/k.

Summary: Random fountain codes have encoding cost k/2, decoding cost
and overhead log(k)/k with respect to maximum-likelihood decoding.

This is very far from our goal!

1 ! 2
k!m

O(k3)
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A Large Step Closer:
LT Codes

Invented by Michael Luby in 1998.

First class of universal and almost efficient Fountain Codes.

Output distribution has a very simple form. 

Encoding and decoding are very simple.

Fountain Codes
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LT Codes

Fix distribution (!1,!2, . . . ,!k)on {1, . . . , k}

Distribution     is given byD

PrD(x) =
!w
!

k

w

"

where w is the Hamming weight of x.

Parameters of the code are (k,!(x))

!(x) =
k!

w=1

!wx
w

Fountain Codes
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LT Coding Process

!1

!2

!D

...
!D!1

3

Fountain Codes
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Decoding

Fountain Codes
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Decoding

Fountain Codes
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Decoding

Fountain Codes
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Decoding

Fountain Codes
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Decoding

Fountain Codes
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Decoding

Fountain Codes
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Decoding

Fountain Codes
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Decoding

Fountain Codes
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Decoding

Fountain Codes
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Parameters

Fountain Codes

Parameters of an LT-code are                 .

Expected weight of an output symbol is                                

Maximum likelihood decoding has cost            .

Other methods (like Wiedemann’s method) lead to a cost of                      .

But how about the overhead, with respect to the simple decoding algorithm 
given above?  

(k,!(x))

!

d

d!d = !!(1).

O(k3)

O(!!(1)k2)
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Average Degree

Fountain Codes

If an input symbol is not covered, then any decoding algorithm will fail.

What is the probability that an input symbol is not covered? 

!

1 !
!!(1)

k

"k(1+!)

<
1

kc
" !!(1) >

c

1 + !
ln(k)

Average degree must be at least logarithmic to ensure successful decoding. 
Cannot guarantee constant encoding and linear decoding costs!
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Release Probability

Fountain Codes

Probability that output symbol is released at time k-u is 

u ! 1k ! u

Released at time k-u.

Recovered Unrecovered

1

k

!

d

!d

"

k!u

d!2

#

"

k!1

d!2

#

u ! 1

k ! d + 1
d(d ! 1)
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Release Probability

Fountain Codes

Choosing

leads to one expected released output symbol per round! This distribution is 
called the Soliton distribution.

Its average degree is                                         , so has right order of magnitude.

But: fails miserably in practice, since we assume that on expectation only one 
symbol is released per round.                                                      

k
!

d=2

"

k!u

d!2

#

"

k!1

d!2

#

u ! 1

k ! d + 1
= 1Exercise:                                              if u > 1.

!(x) =
1

k
x +

k!

d=2

1

d(d ! 1)
x

d

1

k
+

k!

d=2

1

d ! 1
" ln(k)
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Robust Soliton

Fountain Codes

Luby has introduced a robust version of the Soliton distribution which 
works in practice.

The average degree of the distribution is cln(k), where the constant c is 
directly related to the failure probability of the decoder.

The overhead of Luby’s codes is o(k), so the overhead decreases with 
the length.

This construction is absolutely remarkable in its simplicity, 
performance, and essential optimality!

However, we are still away from realizing our goal. For that, we need a 
new idea.
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Constant average degree implies constant probability of error.

Average Degree

How can we achieve constant average degree and vanishing probability of 
error?

Raptor codes achieve this!

Fountain Codes
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Raptor Codes

Parameters: (k,C,!(x))

C

!1

!2

!D

...
!D!1

3

Pre-coder

Fountain Codes

Raptor codes are fountain codes (exercise).
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Extremal Raptor Codes

It can be shown that for a pre-code of rate R the overhead of the pre-code-only 
code is at least -ln(1-R)/R, provided that the pre-code can be decoded 
perfectly.

Obtaining extremely small overheads means that the pre-code needs to be of 
very small rate. If the decoding algorithm of the pre-code is proportional to 
the length of the pre-code (true for LDPC codes), rather than the dimension, 
then the decoding cost of the pre-code scales with 1/R, and so does the 
encoding cost. 

Hence, pre-code-only codes are not  great.

Fountain Codes

Pre-code-only codes:                  .

LT-codes:             .  

!(x) = x

C= F
k
2
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Systematic Raptor Codes

Suppose we already have a Raptor code with parameters                   which is 
very good with respect to some decoding algorithm. How can we construct a 
systematic code from this?

First idea: just send the original symbols, and then generate output symbols 
according to the normal encoding process.

This is a very bad idea. (Why?)

Second idea: suppose that we have identified k output symbols from which the 
original symbols can be decoded, and that the degree distribution of these 
output symbols is given by         .  

Place the source into these k output symbols and decode to obtain k 
intermediate symbols. Generate the additional symbols from these 
intermediate symbols.

Fountain Codes

(k,C,!(x))

!(x)
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Systematic Raptor Codes

Fountain Codes

Original

!(x)

Intermediate Pre-coded

Additional

From the point of view of the intermediate symbols, the additional and the 
original symbols are equal, and generated according to the original Raptor 
code.

Since this Raptor code was good by assumption, the new code is truly 
systematic, and can be used in appliactions where such codes are required.
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Path Forward

Raptor codes seem to be promising candidates for fountain codes with the 
properties we are interested in.

But to utilize them, we need to be able to design them properly.

This will be the subject of the next part of these lectures.

Fountain Codes



Bangalore, December 2005

Message Passing Decoding

Analysis of fountain codes

Input symbols and output symbols send messages 0/1 to one another.

Input symbol u sends message 1 to neighboring output symbol o iff at least one 
other neighboring output symbols send message 1 to u.

Output symbol o sends message 1 to neighboring input symbol u iff all the other 
neighboring input symbols send message 1 to o. 

Take random edge e in the graph between input symbol u and output symbol o.

What is the probability       that at round i message 0 is sent on e from u to o?

What is the probability        that at round i message 0 is sent on e from o to u?

These probabilities depend on the degrees of u and o (among other things).

pi

qi
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Message Passing Decoding

Analysis of fountain codes

u

pi

o

!d = Prob[deg(u) = d]

qi!1

pi =

!

d

!dq
d!1

i!1

qi = 1 !

!

d

!d(1 ! pi)
d!1

!d = Prob[deg(o) = d]

u

pi

o

qi
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Independence

Analysis of fountain codes

The equations are valid assuming that the incoming messages are independent.

The indepdendence assumption is valid for t rounds if the neighborhood of depth 
2t of the nodes forms a tree.

Standard arguments show that these neighborhoods are trees for an overwhelming 
majority of the nodes, if t is fixed and k is very large.

Arguments are the same as for iterative decoding of LDPC codes.
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Degree Distributions

Analysis of fountain codes

What are      and      ?

Number of collected output symbols                . Expected number of edges in the 
graph is                           and expected average degree of an input symbol is 

 

      = probability that randomly chosen input symbol has degree d.

!d!d

k(1 + !)

Rd

Rd =

!

k

d

" !

!

k

"d !

1 !

!

k

"k!d

k(1 + !)!!(1)

! = !!(1)(1 + ").

!

d

Rdx
d =

"

!

k
x + 1 !

!

k

#k

" e!!(1!x)

!

d

!dx
d!1

=
1"

d Rdd

!

d

Rddxd!1
! e

!(1!x)
e
!!(1!x)
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Degree Distributions

Analysis of fountain codes

The approximations are valid for very large k. We will assume equality.

This shows that                               .

In the same way as before, we see that                     , hence                                     .

This shows that                                             , and thus  

                                                                                                   .

Expected fraction of output symbols of reduced degree one at round i-1 (ripple) is

                                                                                        .
                                                                          
  

pi = e
!!(1!qi!1)

!d =
d!d

!!(1)

!

d

!dx
d!1 =

!"(x)

!"(1)

1 ! qi!1 =
!"(1 ! pi!1)

!"(1)

pi = e

!!!(1"pi"1)

!!(1) = e
!(1+!)!!(1!pi"1)

pi!1 ! e
!(1+!)!!(1!pi"1)
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Degree Distributions

Analysis of fountain codes

If                                     for                   , then decoder decodes all but a    -fraction 
of the input symbols (asymptotically). 

Remaining input symbols have to be decoded by the pre-code.

Note:     cannot be arbitrarily close to zero if the degree distribution contains only 
finite degrees.

Note also that one can deduce the soliton distribution from this inequality 
(exercise!) 

x < e
!(1+!)!!(1!x)

! ! x ! 1 !

!
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Asymptotic Design

Analysis of fountain codes

Let ! be a positive real number, k be an integer, D = !4(1 + !)/!", R =
(1 + !/2)/(1 + !), n = !k/(1 # R)", and let Cn be a code with the properties
described above. Then the Raptor code with parameters (k, Cn,!D(x)) has
overhead 1 + !, and an encoding cost of O(log(1/!)) and a decoding cost of
O(k log(1/!)) with respect to BP decoding of both the pre-code and the LT-
Code.

!: fixed positive real number; assume that for every n we have a linear code Cn

of block-length n with:

1. The rate R of Cn is (1 + !/2)/(1 + !),

2. The BP decoder can decode Cn on a BEC with erasure probability " =
(!/4)/(1 + !) = (1 ! R)/2 with O(n log(1/!)) arithmetic operations.

D := !4(1 + !)/!", µ := (!/2) + (!/2)2, and

!D(x) :=
1

µ + 1

!

µx +
x2

1 · 2
+

x3

2 · 3
+ · · · +

xD

(D # 1) · D
+

xD+1

D

"

.
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Asymptotic Design

Analysis of fountain codes

This takes care of the asymptotic design of Raptor codes.

However, such designs are only likely to work properly when the input block is 
very large, say in the range of 100,000.

In practice, such large block-lengths lead to inefficiencies in software, and cannot 
be implemented on devices with limited resources, such as cell phones.

To optimize the codes, and to make them work for small lengths, we need to 
analyze the decoder differently.

This will be the topic of the next section.
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Finite Length Design

Analysis of fountain codes

The finite length design consists of two steps:

1. The design of the LT-code.

2. The design of the pre-code.

These two steps use different techniques; this is not strange, since we are dealing 
with different codes.
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Finite Length Design of LT-Codes

Analysis of fountain codes

The finite length design of LT-codes consists of two steps:

1. The design of the LT-code.

2. The analysis of the LT-code.

Design process is slightly heuristic: consider the fraction of output symbols of 
reduced degree one (ripple) when an x fraction of the input symbols is still to be 
decoded.

Assume that the decoder performs a “random walk” on this set, adding an element 
with some probabililty and deleting an element with some probability, in every 
step.

Want the number of elements in the ripple to be at least c times the square root of 
the remaining “steps,” i.e., the number of input symbols yet to be recovered.
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Finite Length Design of LT-Codes

Analysis of fountain codes

This leads to satisfying the inequality

x ! e
!!!(1!x)(1+!) " c

!

x

k

for                    , or ! ! x ! 1

!!(x) !

" ln

!

1 " x " c

"

1 " x

k

#

1 + !

Linear programming can be used to design the degree distribution using this 
inequality.
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Finite Length Design of LT-Codes

Analysis of fountain codes

k 65536 80000 100000 120000

!1 0.007969 0.007544 0.006495 0.004807

!2 0.493570 0.493610 0.495044 0.496472

!3 0.166220 0.166458 0.168010 0.166912

!4 0.072646 0.071243 0.067900 0.073374

!5 0.082558 0.084913 0.089209 0.082206

!8 0.056058 0.049633 0.041731 0.057471

!9 0.037229 0.043365 0.050162 0.035951

!18 0.001167

!19 0.055590 0.045231 0.038837 0.054305

!20 0.010157 0.015537

!65 0.025023 0.018235

!66 0.003135 0.010479 0.016298 0.009100

!67 0.017365 0.010777

! 0.038 0.035 0.028 0.02

a 5.87 5.91 5.85 5.83
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Finite Length Design of LT-Codes

Analysis of fountain codes

The expected number fraction of output symbols of reduced degree one as a 
function of the fraction of undecoded input symbols is plotted for the sequence 
given for k=65536 when the overhead is 3%:
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Finite Length Analysis of LT-
Codes

Analysis of fountain codes

Given LT-code with parameters                 , calculate the error probability of the 
decoder on a random subset of output symbols. 

Stopping sets: seem to be difficult in this case;

Alternative: detailed analysis of the decoder.

1. Define the state of the decoder.

2. Derive a recursion for the generating function of the states.

3. Calculate the decoding error probability using the recursion.

Method is due to Karp, Luby, and Shokrollahi.

(k,!(x))
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Finite Length Analysis of LT-
Codes

Analysis of fountain codes

Ripple: set of output symbols of reduced degree one.

Cloud: set of output symbols of reduced degree > 1.

Decoder is successful iff ripple is not empty through the end.

Decoded Undecoded

Ripple Cloud
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Finite Length Analysis of LT-
Codes

Analysis of fountain codes

Decoder is in state (u, r, c) iff there are r elements in the ripple and c 
elements in the cloud, when there are u input symbols remaining undecoded.

                = Probability that decoder is in state (u,r,c).

                                                            : state generating function.

!u(r, c)

Pu(x, y) =
!

r,c,r!1

!u(r, c)xcyr"1
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Finite Length Analysis of LT-
Codes

Analysis of fountain codes

Pu!1(x, y) =
Pu

!

x(1 ! pu) + ypu, 1

u
+ y

!

1 !

1

u

""

! Pu

!

x(1 ! pu), 1

u

"

y

Probability that decoder fails when there are u undecoded symbols is 

1 ! Pu(1, 1)

Recursion can be combined with approximate techniques to bound the error 
probability of the LT-decoder very efficiently.

It can also be used to get a finite-length evolution of the ripple size.
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Finite Length Analysis of LT-
Codes

Analysis of fountain codes

Example: Take the sequence introduced for k=100,000.

The error probability of this sequence as a function of u/k is given below.
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Finite Length Analysis of Pre-
Code

Analysis of fountain codes

This depends entirely on the pre-code. 

Assume that the pre-code is an LDPC code with regular variable degree d 
and binomial check degrees (i.e., every variable node chooses its d 
neighbors randomly without further constraints).

Let P(d,n,r) be the ensemble of codes of this type.

Then the probability that the corresponding graph has a maximal stopping 
set of a given size can be efficiently computed using a dynamic 
programming approach. (Due to Shokrollahi and Urbanke.) 
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Finite Length Analysis of Pre-
Code

Analysis of fountain codes

Let r be a positive integer. For n ! 1, z, o " Z, and d ! 1 let An(z, o) be
recursively defined by

A0(r, 0) := 1,

A0(z, o) := 0 for (z, o) #= (r, 0),

An+1(z, o) :=
!

!,k

An(!, k)

"

!
!!z

#"

k
k+!!z!o

#"

r!!!k
d!k!2!+2z+o

#

"

r
d

# for n ! 0.

Let G be a random graph in the ensemble P(d, n, r). Then the probability that
G has a maximal stopping set of size s is at most

$

n

s

% r
!

z=0

As(z, 0)

&

1 $

"

r!z
d

#

"

r
d

#

'n!s

.
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Putting it Together

Analysis of fountain codes

Using the degree distribution for k=65536, combined with a 2-stage pre-
code consisting of a Hamming code followed by a variable-regular, check-
binomial code with variable degree 4, we obtain a Raptor code with 
overhead 3.8% and error probability less than 1.8e-14 for all values of k 
larger than 65536. 
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Modern Raptor Codes

Analysis of fountain codes

This is essentially the status of Raptor codes as of July 2001. 

Though pretty good at this point, these codes will have some difficulty 
running on small devices, since they require large block-lengths. 

Moreover,  they cannot be used very well for applications that require very 
little delay, such as broadcast of live events.

To design better codes, we have to change our design, or the decoder, or 
both!

Moreover, we have to design good data structures that can accomodate 
devices with small memory and processing power.

Some of this will be explained in the next section. 
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Maximum-Likelihood Decoding

Advanced Raptor Codes

This method is due to Karp, Lassen, and Shokrollahi (2001).

Perform the decoding process. Whenever there is no output symbol of degree 
one, declare one of the input symbols as inactivated.

Remove inactivated input symbol from graph, and continue until all input 
symbols are either recovered or inactivated.

Solve the values of inactivated input symbols using Gaussian elimination. 

Want to keep number of inactivated symbols small.
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Maximum Likelihood Decoding
(Matrix structure)

Inactive

Sparse

Sparse

Advanced Raptor Codes
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Induced Graph

Any input symbol that is decoded in a connected component of the graph 
decodes all the other elements in the component.

An input symbol that is inactivated in a connected component of the graph also 
“decodes” all the other elements in the component.

Look at the graph induced by output symbols of degree 2 on the input symbols.

Advanced Raptor Codes
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Achieving Capacity: BEC

If graph has giant component, 
then new output symbol of degree 
2 has both its neighbors in the 
component with constant 
probability. 

Hence, information loss.

Giant component appears iff 
average degree is > 1. 

!2 has to go to
1

2

Advanced Raptor Codes
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Progressive Giant Component 
Analysis

Want average degree of all the induced graphs to be equal to one, in the limit.

Output degree distribution when a random   -fraction of the input symbols is 
removed:   

!

!((1 ! !)x + !)

Average degree of induced graph at this point: (1 ! !)!!!(!) = 1

!(x) =
1

2
x

2 +
1

6
x

3 + · · · +
1

w(w ! 1)
x

w + · · ·

This is the Soliton distribution!

Advanced Raptor Codes
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Progressive Giant Component 
Analysis

This type of analysis can also be used to design degree distributions: at each 
round, we want the fraction output symbols of reduced degree 2 to be slightly 
over 1/2, so that the induced graph has a giant component.

A random graph of average degree c>1 will have a giant component whose 
relative size is concentrated around the unique solution of the equation

Advanced Raptor Codes

1 ! x ! e
!cx

= 0

We want to design the degree distribution           in such a way that the following 
procedure continues for as many rounds as possible:

!(x)



Bangalore, December 2005

Progressive Giant Component 
Analysis

Advanced Raptor Codes

1. Set !0 = 0.

2. For i ! 1 do

(a) Set " = 1 "
!i!1

j=0
(1 " !j).

(b) Set µi = (1 + #)(1 " ")!""(").

(c) If µi # 1, then stop.

(d) Set !i as root of 1 " x " e!µix.
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Example

Advanced Raptor Codes

i ! µ fract. recovered

1 0.03324 1.017 0

2 0.03324 1.017 0.0332

3 0.03324 1.017 0.0653

.

.

.
.
.
.

.

.

.
.
.
.

26 0.04274 1.022 0.5995

.

.

.
.
.
.

.

.

.
.
.
.

38 0.05212 1.027 0.7708

.

.

.
.
.
.

.

.

.
.
.
.

43 0.06686 1.035 0.8289

44 0.07050 1.037 0.8403

45 0.07412 1.039 0.8516

46 0.07592 1.040 0.8626

.

.

.
.
.
.

.

.

.
.
.
.

57 0.08665 1.046 0.9383

58 0.1059 1.057 0.9436

59 0.1346 1.074 0.9496

60 0.1761 1.100 0.9564

61 0.2295 1.136 0.9641

62 0.2719 1.167 0.9723

63 0.2504 1.151 0.9798

64 0.1411 1.078 0.9849

65 0.04463 1.023 0.9870

66 0.007958 1.004 0.9876

67 0.001997 1.001 0.9877

68 0.001997 1.001 0.9877

This is an example run for the sequence 
introduced above for the case k=65536 for 
3% overhead.

As can be seen, the progress of the decoder 
is relatively fast at the start, and even faster 
in the middle of the decoder. As with the 
normal decoder, this decoder also stops 
around 1.3% short of complete recovery. 

This type of design and analysis can be used 
to obtain finite length error bounds for the 
decoder, and to decrease the number of 
inactivations.
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Standardized Codes

In early 2004 Digital Fountain, Inc.,  entered into discussions surrounding 
standardizing Raptor codes for delivery of data for 3G multimedia services (3GPP-
MBMS standards body).

The design of the codes had to take into account that they had to run on devices 
with limited capabilities (memory, storage, processing speed). Unlike codes 
designed for physical layer communications, these codes had to run in software, 
rather than hardware.

Moreover, the design should be very easy to describe, should lead to very small 
overheads, even for small block-lengths (1000 or less), should run very fast, and 
should be systematic.

The design, which was eventually standardized in mid 2005, is in large parts due to 
Luby and Shokrollahi, with important contributions by Mark Watson (DF).

Advanced Raptor Codes
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The (Common) Randomness

Since the sender and the receiver need to be able to generate the same 
pseudorandom numbers from the same seeds, a special random number generator 
was designed for this purpose. This generator produces a 32-bit pseudorandom 
integer from a 16-bit seed.

Given a seed  X, an integer i, and an integer m, the produces generates Rand[X,i,m] 
which is a random integer modulo m.

We first designed two arrays V and W of 256 random 32-bit integers each.

If X0 and X1 denote the lower and upper bytes of X, then 

Rand[X,i,m] = (V[(X0+i) mod 256] XOR W[(X1+i) mod 256]) mod m.

Advanced Raptor Codes
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The Pre-Code

The pre-code is an important part of the design. It needs to be robust, and very 
simple to describe.

We opted for a two-stage pre-coder. In the first stage the k source symbols were 
used to generate L redundant symbols using a particular LDGM code. The value of 
L is a prime number roughly equal to 0.01k or the square root of 2k, whichever is 
larger.

The generator matrix of this code consists of k/L blocks, where each block is a 
circulant matrix with 3 ones in every column. The position of the first one in the 
first column of block i (=0,...,k/L) is 0, and the distance between consecutive ones is 
i+1 (all modulo L).

The encoding procedure for this code can be described very easily.

Advanced Raptor Codes
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The Pre-Code

The LDGM pre-code is followed by a high-density, low-complexity, encoder, 
called the HDPC encoder (or half-symbol encoder). 

This encoder takes as input the k+L source and LDGM redundant symbols, and 
produces H more redunant symbols.

The matrix corresponding to this computation has H rows and k+L columns; every 
column of this matrix has weight ceil(H/2) (hence the name “half-symbol”). The 
value of H is chosen to be minimal subject to the fact that all columns are distinct.

The columns are the Gray-code enumeration of all vectors of length H and weight 
ceil(H/2). 

The main goal of this code is to reduce the error floor resulting from the low-
density parts of the code (the LDGM and the LT-parts).

Advanced Raptor Codes
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The LT-Code

The LT-code was designed to guarantee good rank properties when the overhead is 
small and good iterative decoding properties.

Using a combination of methods, the following degree distribution was found:

Advanced Raptor Codes

!(x) = 0.0156 x
40+0.0797 x

11+0.111 x
10+0.113 x

4+0.210 x
3+0.458 x

2+0.00971 x
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Generting Output Symbols

To each output symbol is associate a key K. Using the random number generator, 
three values w, a, b are generated from the key. w is the weight of the symbol. The 
output symbol will be the XOR of the symbols with indices

b, (b+a) mod T, (b+2a) mod T, ......, (b+(w-1)a) mod T,

where T is the smallest prime greater than or equal to k+L+H. (Care has to be taken 
when one of the indices calculated is larger than or equal to k+L+H.)

This way, the information that an output symbol contains is reduced to that of a key.

This pseudorandom way of generating the output symbols ensures that the 
overhead for every symbol is kept at a minimum.

Advanced Raptor Codes
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Systematic Keys

Special keys are needed for systematic symbols. These keys are pre-calculated, and 
shared between the sender and the receiver.

To reduce the storage requirements for these keys, a method has been devised so 
that for each length k only one integer M is sufficient to recover all the keys for  the 
k source symbols.

These integers are called “systematic indices” and published in the standards text 
(the same way as the tables for the random number generator).

Advanced Raptor Codes
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Implementation and Performance

There are various implementations of these codes, ranging from open ones (due to 
BenQ (formerly Siemens)) do closed commercial implementations (by Digital 
Fountain).

The commercial implementations have been optimized to have minimal memory 
footprints and memory consumption.

They achieve impressive encoding and decoding speeds. For example, on G5 
processor, they run at around 3Gbps in software.

The error probability is also very small: for example, for k=1024, and 1% 
overhead, we achieve a block error probability if less than 1e-3. The probability 
decreases to to 1e-6 when the overhead is 2%. In general, for quite some time, the 
error probability drops by a factor of 2 whenever a new symbol is received.

Advanced Raptor Codes
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