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Summary

In the past week, we read some papers about higher order neural networks since they have similar
properties to our double layer constraint enforcing network. On the plus side, there are learning
rules that enable us to find the hidden structure in a set of given training patterns. However, the
down side is that the complexity of such learning meachanisms is prohibitive.
The other subject we read some papers about was matrix recovery and completion methods.
In this problem, we are interested in infering a low rank matrix from a set of available linear
measurements. In a sense, this problem is closely related to the problem of learning the constraint
matrix in our neural compressed sensing problem. However, the methods given in most of the
papers in this field is not realizable by simple neurons. The papers mentioned in the following
give us some required conditions on the desired matrix and the measurements in order to ensure
recoverability.
On a different topic, we prepared the powerpoint for the upcoming ISIT conference. We also
had a pizza talk on July 29, 2011.
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Higher Order Neural Networks

In [1], the authors discuss various applications of higher-order neural networks. A higher-order
neural network is a network composed of neurons that rely on statistics of order two or more in
computing the connection weights and updating neural states. Higher-order neurons are equivalents of neural networks with hidden layers. More specifically, a higher-order neuron is a neuron
whose outputs not only depends on the state of its neighbors but also on their correlation. More
specifically, the state of neuron i, denoted by si is given by:
si = f (θ +
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where f (.) is non-linear function.
Such neurons are able to solve problems that are not solvable with a single layer ordinary
neurons. In [1] two learning rules have been proposed for higher-order neurons. One possible
learning rule for a network of higher-order neurons is to extend the perceptron rule. An example
is given below for second order neurons:
∆wijk = [oi − si ]sj sk

(2)

where oi is the desired output and si is the actual output of node i.
Another learning rule comes from extending the outer-product rule, also known as the Hebbian
learning rule, to higher-order neurons. An example for the second order neurons is given below:
wijk =

M
X

[xµi − yi ][xµj − yj ][xµk − yk ]

µ=1

where
yi =

M
1 X
xµ
M µ=1 i

2

(3)

Here, M is the number of patterns in the training set and xµi is the ith bit of pattern µ.
One disadvantage of the higher-order neural network is the complexity of learning rule in the
sense that we need to keep track of O(nk ) weights, where k is the highest degree of correlation we
are interested in.
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Matrix Recovery and Completion

In [2] the authors propose a novel algorithm to recover a low matrix X from its measurements
P
A(X) = di=1 Gi XGTi , where Gi ’s are measurement matrices. The authors come up with necessary
and sufficient conditions that ensure recoverability of X and show that if A(X) is a rank-expander,
these conditions are satisfied. Furthermore, they show that if Gi ’s are i.i.d. random Gaussian
matrices, they yield rank expanders with probability close to 1.
More specifically, a rank expander is defined as follows:
Definition 1. Let A : Rn×n → Rm×m be a linear operator with m < n. A is an unbalanced
(, d, r0 , n)-rank expander (for d > 0, 0 ≤ epsilon < 1, 1 ≤ r0 ≤ n), if it satisfies the following
conditions:
1. For every n × n Hermitian matrix X, A(X) is an m × m Hermitian matrix.
2. For every n × n Hermitian matrix X, rank(A(X)) ≤ d.rank(X).
3. For all orthogonal projections P with rank(P ) = r ≤ r0 , we have (1 − )rd ≤ rank(A(P )) <
rd.
Now the desirable property is to have P{rank(A(X)) = min(d × rank(X), m)} = 1 for every
sufficiently low rank matrix X. The following theorem shows that rank expanders exist:
Theorem 1. Existence of Rank Expanders: for any 0 <  < 1 there q
are constants C1 and C2
√
C2 n
d
so that for any n and r0 ≤ n, whenever m = C1 C2 nr0 and d =
C1 r0 and {Gi }i=1 ’s are
independent m × n randomly N (0, 1) Gaussian matrices, the operator A(X) =
(, d, r0 , n)-rank expander with probability at least 1 − e−Ω(n) .

Pd

T
i=1 Gi XGi

is an

The following lemma gives the necessary and sufficient condition to ensure recoverability of a
matrix X from its linear measurements A(X). The next lemma after the following one shows that
rank expanders satisfy the required conditions.
Lemma 2. Any Positive Semi-Definite (PSD) matrix X of rank at most r is the unique PSD
inverse image of A(X), if and only if every non-zero Hermitian matrix W in the null space of A
(i.e. A(W ) = 0) has at least r + 1 negative eigenvalues.
Lemma 3. If A(X) is an (, d, r0 , n)-rank expander with  < 1/2 then for every non-zero Hermitian
matrix W in the null space of A the number of negative eigenvalues of W is larger than r0 /2.
The authors have also suggested a novel algorithm for fast recovery of matrix X, which is
notably faster than the conventional Nuclear Norm Minimization (NNM).
Theorem 4. PSD Recovery If the operator A(X) = di=1 Ai XATi is an (, d, r0 , n)-rank expander
with  < 1/2, then for every k ≤ r0 (1 − ), every PSD matrix X of rank k can be perfectly recovered
from A(X) using the algorithm shown in figure 1.
P
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Figure 1: Recover the low rank matrix X from its measurements A(X) =

Pd

T
i=1 Ai XAi

[2].

The authors have extended the above results to the Hermitian matrices as well (instead of only
P SD matrices).
Using simulations, the authors have shown the validity of the proposed algorithm in recovering
low rank matrices. Although not proved analytically, in their simulation results the authors show
that the proposed method also works when measurement matrices Gi are sparse.
In [3] the authors extend the conditions for recovery of low rank matrices to obtain similar
recovery requirements for sparse matrices. Following this approach, they derive the best known
restricted isometry property and null space conditions for matrix recovery. More specifically, the
problem of interest in [3] is to recover a matrix X0 ∈ Rn1 ×n2 (with n = n1 ≤ n2 ) from a set of
corrupted linear measurements given by y = A(X0 ) + z. Here, z is the noise term with kzk2 ≤ 
and A(.) : Rn1 ×n2 → Rm is the measurement operator.
If X0 is low rank, then we can solve the following optimization problem to retrieve X0 from y:
min kXk?
subject to kA(X) − yk2 ≤ 

(4)

Where kXk? = i σi (X) is the nuclear norm.
The authors have proved that the extension of any sufficient condition for recovery of sparse
vectors using `1 minimization is also sufficient for the recovery of low rank matrices using nuclear
norm minimization.
P
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Conclusions and future works

In the past two weeks, we read some papers about matrix recovery approaches and the required
conditions to ensure successful recovery. Some of the concepts mentioned in these papers can help us
in our work on constraint enforcing neural networks. For instance, the definition of rank expanders
for matrices in [2] is in fact very similar to the definition of expander graphs. Here, instead of saying
4

that the number of neighbors of a given subset of left nodes is larger than some value, we put the
same condition on the rank of the linearly transformed matrix. The proposed linear measurement
P
operation has the form A(X) = di=1 Gi XGTi , where X ∈ Rn×n and Gi ’s are i.i.d random Gaussian
matrices with zero mean and variance equal to one. Each measurement Gi XGTi captures part of
the information in X. Hopefully if these measurements are relatively incoherent, the information
adds up and the rank of A increases with the number of measurements, d.
One might be able to use the above concept of rank expanders together with the theorems
mentiones in [3] to prove recoverability of sparse vectors or matrices from linear measurements as
well as finding proper measurement matrices.
The other important topic of interest is to use the learning rules of higher order neural networks
as an initial step to find the constraint matrix in our constraint enforcing neural networks.
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