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Exercise 1. 1. Let us take two leaves of T . In the depth first search, one of them was reached first,
call it u and the other v. Since u is a leaf, the search was stopped at u, hence an edge {u, v} cannot
exist otherwise the search could have continued since v was not reached so far. We just showed
that the leaves of T form an independent set and hence that all the edges are covered with the
inner nodes of T .

2. For any matching M , a cover C satisfies |C| ≥ |M | because one node can cover only one edge of
any matching. Hence if M is such that |M | ≥ |I|/2 we directly conclude |I| ≤ 2|C| for any cover
C.

3. We can proceed by induction on |T |. If |T | = 1 there is only one root, no leaf and the formula is
satisfied. Otherwise let us consider that the root r of T has degree dr. If we remove r, we can
apply the induction hypothesis on the dr subtrees obtained with roots given by the children of r.
Let’s number these trees from 1 to dr. We have for T

1 +
∑
i∈I

(di − 1) = 1 + (dr − 1) +
dr∑

j=1

∑
i∈Ij

(di − 1)

where Ir is the set of the internal nodes of the tree j. The number of leaves of T is the sum of the
number of leaves in the dr subtrees. By the induction hypothesis, for the subtree j this number is
1 +

∑
i∈Ij

(di − 1). Hence the number of leaves of T is dr +
∑dr

j=1

∑
i∈Ij

(di − 1) which is exactly
what the formula gives.

4. Let’s consider an unmatched vertex u that is not free. By maximality, each of its children and
its father are matched. Since it is not free, its father is matched with its grandfather. We will
unmatch the father and the grandfather and match u with its father.

We obtain a new matching. But is it maximal ? Not necessarily, but if not we can just add new
edges to it.

At each step, we strictly decrease the sum
∑

v∈unmatched depth(v). Hence we will not be able to
continue at some point and all the unmatched vertices will be free.

5. We will use question 3. For each v ∈ I, (dv − 1) is greater or equal to the number of the children
of v that are free. But in a nice matching, every unmatched vertex (except the root) is free. So
the formula of question 3 shows that

|leaves| = |V | − |I| ≥ 1 + (|unmatched vertices| − 1) .

6. We saw in question 4 that a maximal nice matching M always exists. We have

|M | = (|V | − |unmatched vertices|)/2 .

And by using the previous question we conclude that |M | ≥ |I|/2 .

Exercise 2. • A subset U of vertices with max degree d can cover at most d|U | edges. So if we have
a cover of size OPT, then at least one of the vertices in the cover has degree ≥ |E|/OPT.

• Let us write Ui for the set of uncovered edges after we added the i-th node. Using the first question,
when we had the first vertex, it covers at least |E|/OPT edges. Hence

|U1| ≤
(

1− 1
OPT

)
|E| .

In a similar way, there is a cover of Ui−1 with OPT nodes, hence we have

|Ui| ≤
(

1− 1
OPT

)
|Ui−1| ≤

(
1− 1

OPT

)i

|E|.
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• If the bound of question 2 is lower than 1, then we are sure the Greedy algorithm will have covered
all the edges. Hence we want (

1− 1
OPT

)i

|E| < 1

That is

exp
(

i log
(

1− 1
OPT

)
+ log |E|

)
< 1

i log
(

1− 1
OPT

)
+ log |E| < 0 .

But

log
(

1− 1
OPT

)
< − 1

OPT
,

So if
i > log |E| OPT

we are sure that the Greedy algorithm has stopped. So the number of vertices in the solution given
by the Greedy algorithm is ≤ log |E| OPT + 1.

Exercise 3. The easiest way to prove this is by a probabilistic argument. Suppose we have n variables.
Since each clauses involve k literals, amongst all the possible assignments of the variables, at least 2k−1

2k 2n

make this clause satisfied. Hence, if we take a random assignment of the variables, each clause has a
probability 2k−1

2k of being satisfied. The expectation of the number of satisfied clauses is then greater
than m 2k−1

2k . To conclude, we just remark that at least one assignment of the variables has to meet this
expectation and make at least m 2k−1

2k clauses satisfied.

Exercise 4. An algorithm can be this one:

1. Choose a variable and assign to it a value (0 or 1).

2. Draw all the consequences of this assignment. That is, for all clauses do

• If both literal are assigned to 0, the hypothesis of step 1 is not working. Undo everything
done in this step, go back to step 1 and assign the other value to the variable, if both value
are not working then the instance is not in SAT.
• If one of the literal is assigned to 1, remove this clause from the instance.
• If only one literal is assigned to 0, assign the other one to 1, remove this clause from the

instance and restart step 2.
• If none of the literals is assigned, skip this clause.

3. If the hypothesis is working and there is no skipped clause left, the expression is in SAT. Otherwise,
we are only left we clauses involving none of the assigned literal. We identified a ”connected
component” of the instance and showed how to satisfy it. What is left is another SAT instance of
smaller size, repeat the same algorithm on this instance, and return its result.

Exercise 5 (Maximum acyclic subgraph). • Suppose that it is not the case and that there is a cycle
in G′′. That is, there is a m and v1, . . . , vm ∈ V such that (v1, v2), . . . , (vm−1, vm), (vm, v1) ∈ E−E′.
But G′ is acyclic, hence the addition of any of these edges to E′ will for a cycle in G′. We deduce
that there is a path from v1 to vm and more generally from any of the vi to vi−1. Combining all
these path we obtain a cycle in G′. A contradiction.
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• Finding a maximal acyclic subgraph G′ is certainly polynomial. But then either G′ or its comple-
ment G′′ is of size greater than |E|/2.

• if the graph is undirected, a polynomial time algorithm exist to find a maximum acyclic subgraph.
Actually, all maximal acyclic subgraph have the same cardinality. They are indeed all tree on n
node and have n− 1 edges.


