Introduction to Coding Theory - Spring 2010 Solutions 11

Solutions 11

Exercise 11.1. Let A = (ay|- - |an) be an m x n matrix of rank r over some field F. Since A
is of rank r, the dimension of its image when A is viewed as a linear map from F” to F™ is
r. Let {f1,...,0,} be a basis of ImA, for 5; € F™. Each column a; of A can be viewed as
an element of ImA and can thus be written as a linear combination of the basis vectors as

follows: ,
a; = Z ajzﬂj.
j=1

We can thus write

aix a2 - A1n

azi azg - Ay
A= ( Br - Br ) :

Qr1 A2 Qrp,

Instead of being represented by mn entries, A can thus be represented by r(m + n) entries,
which is a significant gain when r is small enough.

Exercise 11.2.

1. Let A = diag(1/z1,...,1/x,) and let B := Z; be the t x t shift operator

0010 - 0
001 - 0
Bi=|: i :
000 1
000
Then .
Z/i/ﬂﬁl
. . Yz /w2
ADW,, — D'WV,,B=| "7 | - (1,0,...,0).
. N——r
i t
Yn/Tn

2. We define a displacement operator V 4 g with A = diag(1/z1,...,1/z,) as before, and
B ablock-diagonal matrix with diagonal blocks Be, B.y(1—1), - ; Bets(k—1) and zeroes
everywhere else. Then

yojry 0 - 0 yf_l/ah 0 -~ 0|---|1/zx 0 -~ 0
¢ -1
o 0 --- 0 2o O - O|---|1/z0 O --- 0
AX — XB — ?/2/. 2 Yo / 2 /‘2
yﬁ/xn 0O --- 0 y,‘ijl/xn 0 --- 0| |1/z, O --- 0O
yi oy Y e o 1/ 10 0l0 0 --- 0f---|0
Y/t yi Tl xy - 1/xg 0 0 0{1 0 -~ 0]---1]0
vt e, ye Y a, oo- 1)m, 00 --- 0/l00 --- 0O]---1]1
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which has rank ¢ + 1 and is such that we can recover z1,--- ,z, and y1,- - ,yn, i.€.,
V 4, is indeed bijective.

Exercise 11.3. Let

0 1 0
0 1 1 0
A= . B= S
0 1 1 0
0 1 0
Then
a a
az at—i—l 4 a0
3 t+2
ag -+ a1 0O
AT = | andTB=| . :
ag - agt—1 G.l (o1 0
0 0 t+ t—
so that
0 .. 0 Qi
AT —TB = ,
0 .. 0 asi—1
aty1 o a1 0
which has rank 2.
121 (1
Exercise 11.4. Let L = and U = . Then
2 Uy,
41 4 . 41 uy uz ., _Un
T1—-Y1 T1—-Y2 T1—Yn r1—Y1 T1—Y2 T1—Yn
2 Lo . Lo uy u2 . Un
LC —CU = T2—Y1 T2—Y2 T2—Yn - T2—Y1 T2—Y2 T2—Yn
- . . . . . . 9
In In . A _uw o w2 _Un
Tn—Y1 Tn—Yn Tn—Yn Tn—Y1 Tn—Yn Tn—Yn
so that )
i~ Uj
Ti — Y

We see that a choice of £; = 27, u; = y7 yields the matrix whose (i, j)-th entry is 2; + y;. But
this matrix is of rank 2 and given by

I 1

ro 1 1 1 .-+ 1
: '<y1 yp e yn>
x, 1



