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Low-Density Codes
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Decoding on the Erasure Channel

Stage 1: Direct Recovery
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Decoding on the Erasure Channel

Stage 2: Substitution Recovery




Edge Fractions

)\; fraction of edges of left degree i, A\(z) = >, \jz' L.

p; fraction of edges of right degree i, p(z) = ; pjz— 1.

# edges: 23

# edges right degree 2: 6
# edges right degree 4: 12

# edges right degree 5: 5




Successful Decoding

Successful Decoding possible with high probability if
and only if

AN(1—-—p(l—2x)) <z
for all x € (0,0).

0 is original fraction or erasures.

(Luby, Mitzenmacher, Shokrollahi, Spielman, Stemann).






Optimization Problem
Fix rate R.

Maximize 6 subject to

N1 —-p(l—2)) <=z
for x € (0,6) for some A(x) and p(x) such that

. Jop(x)dz _
: -
Jo A(x)dz

Bounds:
1. 6<1— fol p(a:)d:r:/fol A(x)dx = 1-R.

2. § < where

b=(1—-R)(1—-(1-5)%, a=



Linear programming
Discretize the interval (0,1): z1,zo,...,Zn.
Fix p(x).
Compute Ao, A3, ..., A\ ; with

Aop(1 = @) - A Agp(L - 2) <

fori=1,...,d. (Linear programming.)
Fix A(x).

Use dual condition
p(1 —0X(1—2)) >=x
on (0, 1).

Iteratel



Results: Linear Programming

0 = 0.4886.

AMz) = 0.11286x + 0.06153z2 + 0.12936x3+
0.25559z" 4 0.2422628 4+ 0.025502244
0.1729022°

p(z) = 0.17263z> + 0.286582° 4 0.14805228+
0.39274727
6 = 0.4998, §/6 = 0.9775.

0 = 0.4946.

Mz) = 0.196050x + 0.257821z2 + 0.19145325+
0.046831z° + 0.063126223 4+ 0.059209224+
0.06065252 + 0.1248582°3

p(x) = 0.820342x8 + 0.1775712° 4 0.002087219°

6 = 0.4992, §/5 = 0.9903.



Problems with Linear Programming

. Average degrees are always fixed.

. Sensitive to starting distribution.

. Degrees are huge.

. Procedure does not cover all possible degree distri-
butions.
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Differential Evolution

e Continuous optimizer.

e Combines genetic algorithms and gradient meth-
ods.

e EXxtremely robust.

1) choose target uectozr g Hoi ¢t representation of
l ) random choice of two parameter vector
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3) Build weighted _
difference vector & 4) Add a third randomly chosen
F vector

5) Do crossover with target vector
6) Smaller cost value survives to get trial vector

into next generation = oo
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next generation
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Admissibility Polytope

Ao Ao A
A2 Ao Ao _ s 6

>t 91T = 576
Ao+ Ag+Ap = 1
ps+pe = 1

A2, Ag, A10, 5, p6 2 0.

Polytope
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Queen’s Move

Sampling points in the admissibility polytope uniformly
at random (conjecturally).
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Starting point

Random point
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“Real” Degrees

Choice of the degrees occurring in A(x) and p(x) is
crucial.

Modified:

o \z) =, \z%, a; € R.

o 5(x) =, pix’i, B; € R.
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Results: Differential Evolution

§ = 0.4939.
Mz) = 0.29730x + 0.17495z2 4+ 0.24419z°+
0.28353z19
o(z) = 0.331812°% 4 0.66818z"

6 = 0.4974, §/5 = 0.9929.

5 = 0.4955.
Mz) = 0.26328z + 0.18020z2 + 0.27000z°+
0.28649129
o(z) = 0.63407z" 4+ 0.36593z8

6 = 0.4985, §/6 = 0.9941
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Other Applications

Differential Evolution is oblivious to the nature of the
objective function.

Can be used to design very good low-density parity-
check codes over nontrivial channels (AWGN channel,
BSC,...).

(Richardson-Shokrollahi-Urbanke.)
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Conclusion

. Design of erasure codes requires solving highly non-
linear optimization problem.

. A relaxed version can be solved via linear program-
ming.

. Linear programming solutions require codes to have
huge lengths.

. Differential evolution can be used to solve the non-

linear problem. Solutions are excellent.
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